We study experimentally and theoretically discrete solitons in crystalline structures consisting of several tens of laser-cooled ions confined in a radiofrequency trap. Resonantly exciting localized, spectrally gapped vibrational modes of the soliton, a nonlinear mechanism leads to a nonequilibrium steady state of the continuously cooled crystal. We find that the propagation and the escape of the soliton out of its a quasi-one-dimensional channel can be described as a thermal activation mechanism. We control the effective temperature of the soliton's collective coordinate by the amplitude of the external excitation. Furthermore, the global trapping potential permits controlling the soliton dynamics and realizing directed transport depending on its topological charge.
Transport is one of the most basic phenomena studied in physics. In particular, molecular scale directed transport of matter and energy is of considerable interest [1] [2] [3] . Biological 'molecular motors' are submicron machines that consume nondirectional energy to enable directed transport, typically restricted to a one-dimensional (1D) 'track'. At these scales, the fundamental question arises how the self-propelled motion permits directed transport while competing against stochastic forces. Similarly, membrane channels, nanopores and nanotubes can be modeled as 1D or quasi-1D systems with a cross section comparable to the size of the transported ion or molecule. Here, the entire channel forms the machine controlling the rate and direction of matter transport between two regions against a gradient (e.g. electrochemical), acting in addition to the noise.
A prominent model for such dynamics is the Brownian ratchet, or Brownian motor [4] . The basic assumption for the ratchet effect is that all mean forces in the system vanish, and for the Brownian ratchet -the presence of significant noise. To allow the emergence of nonvanishing (mean) currents, the breaking of a symmetry is required -either spatial, temporal, stochastic or spontaneous.
A natural generalization of the single-particle ratchet to a many-body, nonlinear setting can be achieved with solitons, non-perturbative solutions that manifest a collective particle-like behavior [5, 6] (fig. 1 ). However, solitons are not point particles and have some extension in space, in addition to carrying internal degrees of freedom, e.g. oscillatory localized modes. When mobilized, these topologically protected excitations permit the transport of mass, energy, charge, spin and other conserved quantities, in a broad range of optical, atomic, soft matter and solid-state systems . Starting with the first theory studies of soliton ratchets, it became clear that the internal modes play a crucial role in the dynamics [29] [30] [31] [32] [33] [34] [35] [36] . In particular the modes in general can couple The selfassembled crystal features reflection symmetry and its energy minimum comes in two degenerate configurations, the 'zigzag' and its mirror image 'zigzag' (only one shown). (b) Realizing both configurations in one crystal requires an interface, a domain wall called 'kink' (left) or 'kink' (right), which is a discrete soliton, carrying a topological charge of ±1, illustrated with a dashed red line. (c) In this paper we ask whether a resonant global excitation of radial vibrational kink modes can be rectified by the soliton and exploited to conditionally propagate it to the right or left in a noisy environment.
to external periodic excitations, and due to nonlinearities, induce the motion of the soliton. Furthermore, in lattice systems, an effective pinning potential for discrete solitons appears, the so-called Peierls-Nabarro (PN) potential. An ab initio theory of Brownian discrete soliton ratchets is nontrivial and currently limited to 1D systems with a continuum limit [37] . Experimentally accessible are continuum soliton ratchets in Josephson junction devices [38] [39] [40] [41] [42] , while proposals exist for optical [43] , atomic [44] and solid state systems [45] . In this Letter, we demonstrate experimental spectroscopy of internal vibrational modes of a micrometer-scale discrete soliton. We find that the discrete soliton is capable of rectifying a simple harmonic drive of high frequency, that has a negligible effect in the absence of the soliton. Energy from the transverse drive is converted by a nonlinear mechanism to heat, feeding the low frequency localized mode and propelling the quasi-1D soliton along the crystal axis. At the presence of damping and fluctuations, we show that the discrete soliton can be directed towards one end of its channel at a rate conditional on its topological charge and controllable by global external potentials. Therefore the presented mechanism could serve as a model for soliton-based transport of mass, electric charge or other conserved quantities.
Trapped ions are well suited for studying fundamental concepts down to the quantum level, featuring unique control in preparation, manipulation, and detection of electronic and motional degrees of freedom [46] . Isolated in ultrahigh vacuum, they can be laser cooled to microKelvin temperatures and localized to nanometer scale. The effective potential for an ion near the center of a radiofrequency (RF) Paul trap is approximately harmonic in 3D, with characteristic trapping frequencies ω {x,y,z} . Considering multiple ions, the potential has to be supplemented by the mutual Coulomb interaction and an ordered, self-assembled crystal is formed that can be scaled to a mesoscopic size of interest to investigate many-body physics [47] . Figure 1 shows schematically how, for appropriate trapping frequencies ω x ω y < ω z , the doubly degenerate ground state of such a crystal takes a planar, inhomogeneous zigzag configuration (we denote the mirrored configuration by zigzag). To realize both configurations in one crystal, a localized interface, a domain wall [e.g. the 'kink' and 'kink' shown in fig. 1(b) ], must form, with a higher energy and the properties of a topological soliton [48] . Such discrete solitons have been recently characterized theoretically [49, 50] manipulated experimentally [51] [52] [53] [54] [55] [56] [57] , and are predicted in circular [48, 58, 59] and helical configurations [60, 61] . In particular, they are proposed to permit quantum coherent manipulation of their internal modes [56, 59, 62] using the rich toolbox of quantum optics developed for trapped ions [63] .
To describe the dynamics of discrete solitons, we start by considering the 3N normal modes of N trapped ions, assuming small oscillations around their equilibrium positions. We consider one representative realization with N = 34 and experimentally determined trap frequencies ω {x,y,z} = 2π × ({38.2, 232.3, 293.0} ± 0.1) kHz. For the zigzag configuration we find mode frequencies ω zigzag {1, ..., 102} in the range 2π × 38.2 kHz to 2π × 328 kHz, while with a kink, the additional nonlinearity broadens the range of ω kink {1, ..., 102} to 2π × 23.2 kHz to 2π × 345 kHz [64] . The zigzag and kink have identical modes. A distinct set of internal modes can be attributed to the kink, with the eigenvectors localized at 8 to 10 ions defining the kink.
In the experiment, we first probe the internal modes of the discrete soliton, using a spectroscopic protocol consisting of four steps; (1) Inducing a phase transition [47] from a gas of trapped ions to a Coulomb crystal by laser cooling, (2) in-situ imaging of the crystal to reveal the potential presence of the kink, (3) excitation of the kink using a weak periodic drive, and (4) detecting the configuration, analyzing the kink's response to the excitation.
In step (1), a kink is formed and stabilized [52, 56] with near 0.5 probability. (2) The crystallized ions scatter laser photons that are collected in a charge-coupled device (CCD) camera, resolving the ion-ion separation with sub-micrometer accuracy, allowing to differentiate the crystal configurations. [65] for symmetric confinement (see text for details), indicated by the gray solid line. The experiment control parameter is numerically found to be linearly related to the mean kinetic energy of the ions, leading to an effective temperature. The gray shaded region represents 1σ uncertainty of the fit. We extract a related barrier height of (26.5 ± 1.0) kBTD.
trap's RF electrodes applying a voltage U d sin (ω d t) calibrated by the experimentally determined transfer function of the RF circuit. Defining the relative excitation depth = U d /U RF , the force acting on each ion is derivable from the potential
The constant of proportionality is set by the experimental setup, whereas remains fully controllable. The excitation acts uniformly on the ions' radial coordinates y and z, while they remain continuously Doppler cooled by a beam tilted by < 5
• from the axial direction x. We run this sequence for crystals of 24 Mg + ions, at least 100 times for each datapoint. results from a smaller projection of its eigenvector components for each ion on the radial direction. To shed light on the mechanism leading to the disappearance of the kink at resonance, we image the kink during the driving time t d . With small and ω d chosen at a resonance, we find an axially blurred trace [ fig. 2 (b)(II) ]. We identify this as an induced excitation of the lowest-frequency kink mode, ω kink 1 , a localized shear mode of the two opposing ion chains oscillating π-out of phase, capable of axially translating the soliton. Increasing leads to the dynamics imaged in fig. 2 (b)(III) , demonstrating that due to the radial drive the kink reaches the axial edge of the crystal and escapes, while the crystal as a whole remains intact.
Detailed Molecular Dynamics (MD) simulations confirm these conclusions. In addition it reveals that in the limit of vanishing damping and kinetic energy, the individual localized mode resonant with ω d is parametrically excited, and, on a slower timescale comparable with 1/ω kink 1 ≈ 50 µs, the energy leaks via nonlinear coupling to the rest of the modes. Additionally considering laser cooling along the x-axis, the dynamics of a single ion at the low-temperature limit of Doppler cooling can be modeled as a Brownian harmonic oscillator [66] [67] [68] [69] . The damping coefficient γ x and diffusion coefficient D x are determined by the experiment parameters and obey a fluctuation-dissipation relation D x = γ x k B T x /m. The temperature T x is of the order of the Doppler-cooling limit T D ≈ 1 mK and γ x /m ≈ 2π×0.3 kHz. Similar equations hold for the radial coordinates, with γ y , γ z γ x . Adding these Langevin dynamics to the MD simulations including the trap, drive, and Coulomb interactions of all ions, reveals that a nonequilibrium steady state is reached on a millisecond timescale. The characterization of this state is nontrivial [70] , however the mixing of spatial directions by the quasi-2D crystal modes leads to a very effective radial damping, and a mean kinetic energy in the crystal at the steady state, E k , can be defined and is linearly related to . Furthermore, using the measured experiment parameters, the shape and position of the resonances in fig. 2 are reproduced quantitatively [70] .
To further investigate the dynamics of the escape, we experimentally determine the survival probability of the kink as function of t d , for different values of , with ω d resonant at ω kink 100 . The survival probabilities shown in fig. 3(a) can be fitted by an exponential decay yielding a mean lifetime τ ( ) that decreases with [ fig. 3(b) ] [71] . This evidences a thermal activation mechanism for the kink's escape across a barrier. As it is known from numerical simulations that the PN potential in a trap becomes effectively harmonic [52] , the value of the PN potential at the edges of the crystal defines the height of the barrier W . To model the dynamics of the escape, we use the numerically obtained positions of all ions to define an in- stantaneous collective kink coordinate [72, 73] , adapted from [57] , for the kink's axial position along the quasi-2D crystal featuring its 1D track. Following its time evolution we find that it is overdamped, by using its time derivative to define the velocity and the velocity autocorrelation function. We fit the effective damping rate in the experimentally relevant temperature regime [70] originating from phonon scattering, finding g(
k . Then, assuming that the effective kink coordinate is subject to thermal noise at an effective temperature [74] defined by k B T /2 = E k /(3N ), we apply Kramers' model in the overdamped limit [65, 75] to describe the motion of the soliton [76, 77] . With a barrier height W , the predicted mean lifetime of the Brownian particle is
with the proportionality constant depending on details of the potential well, independent of T . This approach yields the lifetime averaged over the kink and kink and both directions, and gives W = (26.5 ± 1.0) k B T D based on the experimentally determined τ ( ) [ fig. 3 (b) ]. Finally, we experimentally find a substantial directionality of the soliton transport dependent on its topological charge. We define the transport directionality (TD) as the difference of probabilities to escape to the right and to the left, normalized by their sum. The TD of the kink remains close to zero for all [ fig. 4 (a) ], while for the kink we find a substantial bias to the right. The existence of a mean current requires a broken symmetry. We extend the description of the harmonic trap potential, accurate at the center of the trap, by nonlinear terms [78] of third order along the x-axis (L x ) and y-axis (L y ) and also fourth order and mixed terms. The charge density in the trap is sensitive to these terms and we exploit the positions of the ions as a sensor, by minimizing the weighted least-mean-square shift of the imaged ion positions and the measured frequencies ω x and ω y , from their numerically obtained values as a function of the nonlinear coefficients. In particular, we find L x > 0, which leads to a shift of the whole crystal towards x < 0, increasing the left-side PN barrier and decreasing it on the right. Furthermore, L y < 0 shifts the crystal to y > 0, and due to the different radial densities of the kink and kink, results in different PN barriers. The mean PN barrier numerically obtained is W = 25.3 k B T D , coinciding within errorbars with the experimental value. An intricate interplay of the various global nonlinearity parameters explains the directionality measured in fig. 4 , and we obtain an asymmetric shift of about 2 k B T D for W on the left and on the right. This differential shift is comparable to the increase of T with , which reduces the soliton's sensitivity to the differences in the height of these barriers, as evidenced in fig. 4 . Thus, the directionality can be controlled via the nonlinear terms of the global trapping potential and the amplitude of the drive.
To conclude, the external radial drive can be tuned to couple selectively to a kink mode, and energy is drawn and converted to heat by the soliton. This establishes a power transfer, leading to a nonequilibrium steady state given the laser damping. However, despite being microscopically out-of-equilibrium, we find that the axial motion of the soliton can be described by integrating out all degrees of freedom leaving one effective coordinate. The directed transport mechanism (that is the manifestation of the underlying nonequilibrium conditions) arises as a consequence of different barrier heights, conditioned on the topological charge, entering Kramers' model, with an effective temperature. Typically, realizing a ratchet mechanism requires asymmetric gradients at the single particle scale where the combination of nonlinearity, noise, and nonequilibrium drive raise challenges for an efficient control of the transport. In this work we show how a large scale potential permits the robust control of the soliton transport, its direction and its rate.
These physical processes connect to a broad range of recent work; among those are investigations of nonequilibrium states [79] [80] [81] , the physics of single-particle ratchets in granular chains [82] , in quantum systems [83, 84] , with power law interactions [85] , and recent experiments and theory studies with trapped ions concerning thermal activation [86] , escape dynamics [87] , and steady state heat current formation [88] [89] [90] [91] . The unique controllability of trapped ions further permits investigations of the dynamics of transport. Controlling the global potential allows concatenating crystals along a linear axis with a broken spatial symmetry, or studying ring-configurations [48, 59] , providing periodic boundary conditions [92, 93] . Ground state cooling of internal modes enables access-ing the quantum regime in mesoscopic, quasi-2D crystals [48, 59] . In addition, trapping of several discrete solitons has been realized [56, 57] . Kink mode excitation has been demonstrated via intensity modulation of a laser beam focused on an individual ion of the crystal [70] . This enables the study of energy transport between kink-lattices, mediated via phonons.
Related work on local kink mode spectroscopy in Coulomb crystals was performed in the context of friction and Aubry transitions [94] .
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